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$f(z)=\log(1+\beta z) (0<\beta<1)$ (1)
$f$ $z=-1/\beta$
(1)
2 [3]. $\beta$ $\beta$
( )
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(1) $f$
$f(z)= \sum_{n=0}^{\infty}c_{n}z^{n}$ (2)
$R$ $|$ Cauchy-Hadamard $c_{\eta}$
$\lim_{narrow}\sup_{\infty}|c_{n}|^{1/n}=1/R$ (3)
$R$ $z=0$ $f(z)$ (1)
(2) $R$
$R=1/\beta$ (4)
(a) The $z$-plane (b) The $\zeta$-plane
Fig.1 Enlargement of the radius of convergence by conformal mapping from $z$
to $\zeta.$ $(R=1/\beta$ and $R^{*}=1/\beta^{*})$
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Fig. 1
$z=\pm 1$ $\zeta=\pm 1$
$T$
$T(z)= \frac{1}{\beta^{*}}(\frac{1-\sqrt{1-\beta^{2}z^{2}}}{\beta z})$ (5)
$0<\beta<1$ $\beta^{*}$
$\beta^{*}=(1-\sqrt{1-\beta^{2}})/\beta$ (6)





(a) The $z$-plane(b) The $\zeta$-plane
Fig.2 Conformal mapping $T:z\mapsto\zeta$ for $\beta=0.4.$
(5) (7) (1) $f(z)$ $\zeta=T(z)$ $\hat{f}(\zeta)=f(T^{-1}(\zeta))$
$\hat{f}(\zeta)=f(T^{-1}(z))=2\log(1+\beta^{*}\zeta)-\log(1+\beta^{*2}\zeta^{2})$ (8)
(1) $z=z_{s}=-1/\beta$ $\zeta=\zeta_{s}=-1/\beta^{*}$ $z=z_{\infty}=\infty$
$\zeta=\zeta_{\infty}=\pm i(1/\beta^{*})$ (1) $f$ $\zeta$




$R^{*}$ $z$ (2) $R$
$R^{*}/R=1+\sqrt{1-\beta^{2}}>1$ (11)
$R^{*}/R>1$ Cauchy-Hadamard (3)
(10) $b_{n}$ (2) Fig.3 $\beta$




(a) $|c_{\eta}1|$ (b) $|b_{n}|$
Fig.3 Comparison of decay of the absolute values $|c_{n}|$ and $|b_{n}|$ of coefficients of
the power series $f(z)= \sum_{n=0}^{\infty}c_{n}z^{n}$ and $f( \zeta)=\sum_{n=0}^{\infty}b_{n}\zeta^{n}$
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4.1 $\{p_{n}(\zeta)\}$
Fig.1 (5) $T$ $\zeta$
$\Gamma$
$\Gamma$ $\{p_{n}(\zeta)\}$
$\Gamma$ $(\cdot,$ $)_{\Gamma}$ [4, 5].
$f( \zeta)=\sum_{n=0}^{\infty}a_{n}p_{n}(\zeta)$ with $a_{n}=(f,p_{n})_{\Gamma}$ (12)
$(\cdot,$ $)_{\Gamma}$ $\Gamma$ $\zeta=\lambda e^{i\sigma}(\lambda=\lambda(\sigma), 0\leq\sigma\leq 2\pi)$
$(F, G)_{\Gamma}= \int_{0}^{2\pi}F(\zeta=\lambda e^{i\sigma})\overline{G(\zeta=\lambda e^{i\sigma})}d\sigma$ (13)
$\overline{G(\zeta)}$ $G(\zeta)$ $(p_{m},p_{n})_{\Gamma}=\delta_{mn}$





Fig.4 (1) $f$ (12) $a_{n},$ $z$ (2)
$c_{\eta},$
$\zeta$ (10) $b_{n}$ $|a_{n}|,$
$|b_{n}|,$ $|c_{n}|$ $n$ (12)
Fig.5(a),(b)
Fig.4(a)(b) $\Gamma$
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(a) $\beta=0.95$ (b) $\beta=0.99$
Fig.4 Comparison of decay of the absolute values $|a_{n}|,$ $|b_{n}|$ and $|c_{\eta}|$ of coeffi-
cients in the series expansions $f( \zeta)=\sum_{n=0}^{\infty}a_{n}p_{n}(\zeta)$ in (12), $f( \zeta)=\sum_{n=0}^{\infty}b_{n}\zeta^{n}$
in (10) and $f(z)= \sum_{n=0}^{\infty}c_{\eta}z^{n}$ in (2).
( $a$) $\beta=0.95$ ( $b$ ) $\beta=0.99$
Fig.5 Shape of the boundary $\Gamma$ in the $\zeta$-plane
4.2
(12)
1 (Walsh [4], $P$ .65) Fig.6 $\zeta$ $\Gamma$ $Z$
$|Z|>1$ $\Gamma$ $|Z|=1$ $\zeta=\infty$ $Z=\infty$




(a) The $\zeta$-plane (b) The $Z$-plane
Fig.6 Conformal mapping $\Phi$ : $\zeta\mapsto Z.$ $(R^{*}=1/\beta^{*})$
2(Walsh [4], p.75, p.128, $P$ .131) $f(\zeta)$ $C_{\rho}$
$\rho$
$\rho^{*}$ (Fig.6 ). (12) $a_{n}$
$\lim sup|a_{n}|^{1/n}=1/\rho^{*}$ (15)
$narrow\infty$
$C_{\rho^{*}}$ $N$ $\hat{f}_{N}(\zeta)=\sum_{n=0}^{N}a_{n}p_{n}(\zeta)$ $C_{\rho^{*}}$
$N$ $f(\zeta)$
$\Vert f-\hat{f}_{N}\Vert_{\Gamma}\leq K\frac{1}{\rho^{*N}}$ (16)
$\Vert$ $\Vert_{\Gamma}$ $\Vert F\Vert_{\Gamma}=\sqrt{(F,F)_{\Gamma}}$ $K$
3 (Szeg\"o [7], p.372) $\Gamma$ $\zeta$ $\Gamma$
$\{p$ $(\zeta)\}$ (14) $\Phi(\zeta)$
$\lim_{narrow\infty}\frac{p_{n}(\zeta)}{p_{n-1}(\zeta)}=\lim_{narrow\infty}\{p_{n}(\zeta)\}^{1/n}=\Phi(\zeta)$ ( $\zeta$ exterior to $\Gamma$ ) (17)
2 $\rho^{*}$ (15) (12) a
$\rho^{*}$
$\zeta$ $\zeta=\zeta_{s}$ (14) $\rho^{*}$
$\rho^{*}=|\Phi(\zeta_{s})|$ (18)
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$n$
Fig.7 Computed results of $|p_{n}(\zeta_{s})/p_{n-1}(\zeta_{s})|.$ $(\zeta_{s}=-1/\beta^{*}=-R^{*})$
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Fig.8 Comparison of $\rho^{*}$ of the lemniscate $C_{\rho^{*}}$ of convergence with the radius
$R=1/\beta$ of convergece of (2) and $R^{*}=1/\beta^{*}$ of (10).
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